ABSTRACT The finite-time stabilization for stochastic high-order nonlinear systems is considered in this paper using output feedback. The power orders in the system nonlinearities are relaxed to be rational number greater than one. A new constructive output-feedback, finite-time controller is designed based on a finitetime observer together with the homogeneous domination. The stochastic finite-time stability analysis is given rigorously for the closed-loop stochastic system. INDEX TERMS Stochastic, feedforward systems, finite-time, output feedback control.
I. INTRODUCTION
Stabilization of feedforward systems is of practical importance [1] , [2] . There are many deterministic results on feedforward systems, see [3] - [12] and the references therein. In recent years, some stabilization results have been achieved for stochastic nonlinear feedforward systems
where n ≥ 2, and η = (η 1 , · · · , η n ) ∈ R n , v ∈ R, y = η 1 and η 0 ∈ R are the system state, input, output and initial value. ω is an m-dimensional standard Wiener process defined on the complete probability space ( , F For instance, [13] studied the stochastic stabilization of nonlinear systems in feedforward form with noisy outputs. [14] constructed a state feedback stabilized controller for stochastic high-order nonlinear feedforward systems. Reference [15] considered the global stabilization of feedforward systems with time-delay. However, all of these results only consider the asymptotic stabilization.
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Recently, more attention have been paid on the finitetime stabilization of deterministic feedforward systems [9] , stochastic lower-triangular systems [17] , [18] , switched stochastic nonlinear systems [19] , [20] . For stochastic nonlinear feedforward systems, the finite-time stabilization is considered in [21] but where only a finite-time state feedback stabilized controller is designed.
In this paper, we will design a finite-time output feedback controller for stochastic high-order nonlinear feedforward systems (1) . Based on stochastic Lyapunov theorem on finite-time stability in probability established in [22] , by using the homogeneous domination method, the adding one power integrator and sign function method, constructing a C 2 Lyapunov function and verifying the existence and uniqueness of solution, a continuous output feedback controller is designed to guarantee the closed-loop system finite-time stable in probability. The effectiveness of control method is showed by a simulation example.
II. PRELIMINARIES
The following notations are to be used in this paper.
Notations: R n denotes the n-dimensional Euclidean space, R + stands for the set of all nonnegative real numbers. For a vector or matrix X , X denotes its transpose, Tr{X } denotes its trace when X is square. X denotes Euclidean norm (
and Frobenius norm (Tr{X X }) 1 2 for vector X and matrix X , respectively. A function f : R n → R is C i if it is i-times differential. K denotes the set of all functions: R + → R + that are continuous, strictly increasing and vanishing at zero, K ∞ denotes the set of all functions that are of class K and unbounded. sgn(x) is the sign function defined as:
where f (x), g(x) are continuous in x, f (0) = 0, g(0) = 0, x 0 is the initial value, we have the following three lemmas. Lemma 1 [23] : Suppose continuous functions f (x) and g(x) satisfy f (x) 2 + g(x) 2 ≤ K (1 + x 2 ) for a constant K > 0, then for any x 0 ∈ R n , system (2) has a solution.
Lemma 2 [17] : If one nonnegative, radially unbounded and C 2 function V (x) satisfies LV (x)| (2) ≤ 0 for all x ∈ R n , then system (2) has a solution for any x 0 ∈ R n .
Lemma 3 [22] : Suppose system (2) admits a unique solution, if there is a C 2 function V : R n → R + , K ∞ functions γ 1 and γ 2 , real numbers λ > 0 and 0 < γ < 1 such that for all t > 0 and
, then the trivial solution of system (2) is finite-time stable in probability.
Lemma 4 [25] :
Lemma 5: Let real numbers p ≥ 1 and q ≥ 1 satisfy 
Lemma 7 [27] : If r ≥ 1 is any given rational number, then there are two constants c 0 (r) > 0 and 1 ≥ d(r) > 0 both dependent on r such that for any x, y ∈ R,
III. DESIGN OF FINITE-TIME OUTPUT FEEDBACK CONTROLLER A. PROBLEM FORMULATION
To obtain the stochastic finite-time output feedback stability of system (1), in this paper, the nonlinear functions are assumed to satisfy the following conditions: Assumption 1: There exist real numbers M 1 > 0 and M 2 > 0, and a rational number
where
Remark 1: Assumption 1 holds for system (1) with n ≥ 2. It's worth noting that, when n = 2, system (1) reduces to
For this case, system (11) just needs to satisfy the condi-
with n = 2 in Assumption 1.
Remark 2: For the finite-time stabilization of stochastic nonlinear systems by output feedback, several latest results such as [29] - [31] have been achieved. However, all of them consider the systems in feedback form. To our knowledge, there is no stochastic output feedback finite-time stabilization result on feedforward systems, so Assumption 1 is the weakest until now. To ensure that Assumption 1 holds, one must find a constant
, 0) such that f i and g i satisfy (9) . For system dη 1 = η 5 3 2 dt + η a 3 dω, dη 2 = η 3 3 dt, dη 3 = vdt, where a takes any real constant inside (5, i+2 · · · η a n n satisfies Assumption 1. It's worthy to note that some nonlinearities such as sin η, ln(1 + |η|) can be bounded by |η|.
B. OUTPUT FEEDBACK CONTROLLER OF SYSTEM (1)
The design of output feedback controller of system (1) consists of three parts. In Part I, the output feedback controller of the nominal system for system (1) based on a observer is designed. Part II determines the observer gains 1 , · · · , n−1 . In Part III, a dynamic gain is introduced into system (1) by the transformation, the output feedback controller of system (1) with the dynamic gain is obtained.
Part I. Output feedback controller of nominal system
In this subsection, we design a homogeneous output feedback controller for the nominal system:
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Step 1: Choose V 1 (x 1 ) = m 1 
We demonstrate this step by Proposition 1 whose proof is placed in the Appendix.
Proposition 1: Suppose that there is a C 2 , positive definite and radially unbounded function V k−1 (x k−1 ), and vir-
then by defining
with m 1 , · · · , m n being positive constants and design
1 For C 2 function V (x), the infinitesimal generator of V (x) along system (2) is defined as LV (x) = (
then there are positive constants β 1 , · · · , β n such that
where f n = 0, g n = 0,ã j+1,j ,ā j+1,j ,ā l,j ,ã n,n−1 ,ā n,n−1 , j = 1, · · · , n − 2, l = j + 2, · · · , n, are positive constants, a 1,1 , · · · , a n,n are positive constants to be designed. Introduce a homogeneous reduced-order observer:
where k = 2, · · · , n. Using the certainty equivalence principle together with (16), one obtains the implementable output feedback controller for system (12) :
.
Part II. Determination of observer gains 1 , · · · , n−1
r k p k−1 and choose (18) , (20) yields
where x n+1 = u. We can easily verify the following Proposition 2 directly by Lemmas 3,6, we omit the proof here.
Proposition 2: For k = 2, · · · , n, there holds
To further estimate (21), we give the following Proposition 3-Proposition 5 whose proofs are in the Appendix.
Proposition 3: 
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Proposition 4: For k = 3, · · · , n, there holds We estimate m n [z n ] 4−r n+1 p n (u p n − u * p n ) in (17) by the following proposition whose proof is in the Appendix.
k . From (17) , (20), (21) and Propositions 2-6, it follows that LV | (12) , (18), (19) 
By designing constants a 1,1 , · · · , a n,n , 1 , · · · , n−1 as
one obtains LV | (12) , (18), (19) 
Denote X = (x 1 , · · · , x n ,ξ 2 , · · · ,ξ n ) , the closed-loop system (12) , (18), (19) can be rewritten as
Introducing the dilation weight 2 = (r 1 , · · · , r n , r 1 , · · · , r n−1 ) for X , we have the following proposition whose proof is in the Appendix.
Proposition 7: There exist positive constants π 1 , π 2 and π 3 such that
Part III. Output feedback controller of system (1)
Introduce the transformation
then system (1) can be converted into
In view of (18), the observer of system (26) is constructed as: (27) where 1 , · · · , n−1 are chosen in (22) . Then, (19) , (26) and (27) can be rewritten in the compact form:
where (X ) is defined in (24) ,
. Noting that in (28) has the same structure as (24) , by adopting the same Lyapunov function V (X ) as in the preceding subsection, one can conclude from Proposition 7 that LV | (19) , (28) 
We now estimate the last two terms on the right-hand side of (29) by the following proposition whose proof is in the Appendix.
Proposition 8:
There exists a positive constant γ 0 such that
Substituting Proposition 8 into (29) , and choosing = min{(
Up to now, by (19) , (25), (27) , one obtains output feedback controller of system (1):
wherex 1 = η 1 andx 2 , · · · ,x n are observed by (27) .
IV. FINITE-TIME STABILITY
We state the main result in this paper. Theorem 1: When Assumption 1 holds, the equilibrium η = 0 of the closed-loop system (1) with (27) , (32) is finitetime stable in probability.
Proof: With (31), Lemma 2, the closed-loop stochastic system (19) and (28) has a solution for any initial value X 0 ∈ R n . Since (X ) + F(X ) and G (X ) are C 1 on R n /{0}, the closed-loop stochastic system obviously has a unique solution in forward time for any X 0 ∈ R n /{0}. When X 0 = 0, the closed-loop stochastic system has a unique zero solution, that is, when X 0 = 0, P( X (t; X 0 ) ≥ r) = 0 for all r > 0 and t ≥ 0, which can be verified by the following counter-evidence:
Suppose that there are r 0 > 0 and t 0 ≥ 0 such that (19) and (28) is stable in probability, that is, for every pair of ε ∈ (0, 1) and r > 0, there exists a δ = δ(ε, r) > 0 such that P( X (t; X 0 ) < r for all t ≥ 0) ≥ 1 − ε whenever X 0 ≤ δ. This conclusion implies that for above r 0 and ε 0 , P( X (t; X 0 ) < r 0 for all t ≥ 0) ≥ 1 − ε 0 . This contradicts (33) . According to the lemmas of weighted homogeneity in [28] , there is a constant π 0 > 0 such that LV (X )| (19) , (28) 
Since the closed-loop system (19), (28) has a unique solution, then it follows from 0 < 4 4−τ < 1, Lemma 3 and Proposition 7 that the origin of the closed-loop stochastic system is finite-time stable in probability. Since (25) is an equivalent transformation, one concludes that origin of closedloop stochastic system (1), (27) , (32) is finite-time stable in probability.
V. A SIMULATION EXAMPLE
Without loss of generality, we consider a simple example: dη 1 = η 5 3 2 + 0.2 ln 1 + |v| 25 13 dt + 0.05v 2 
where β 1 > 0, β 2 > 0, 1 > 0, 0 < ≤ 1 are design parameters.
Choose (η 1 (0), η 2 (0),ξ 2 (0)) = (0.04, −0.002, 0.02) , = 0.09, 1 = 500, β 1 = 1, β 2 = 20. Fig.1 shows the effectiveness of control method. 
VI. A CONCLUDING REMARK
The finite-time output feedback stabilization in probability of stochastic high-order nonlinear feedforward autonomous systems is considered. In this paper, we initially list some lemmas which will deal with the nonlinearities with powers being any rational number and bigger than one, then based on the homogeneous domination and stochastic Lyapunov finite-time stability theory, the stochastic finite-time output feedback stabilizer is designed and analysed. A remaining problem is whether the finite-time stabilization can be established for stochastic nonlinear feedforward nonautonomous systems.
APPENDIX

Proof of Proposition 1:
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